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A COMBINATORIAL PROOF OF STRICT UNIMODALITY FOR
q-BINOMIAL COEFFICIENTS
VIVEK DHAND
Abstract. I. Pak and G. Panova recently proved that the q-binomial coefficient(
m+n
m
)
q
is a strictly unimodal polynomial in q for m,n ≥ 8, via the representation
theory of the symmetric group. We give a direct combinatorial proof of their result
by characterizing when a product of chains is strictly unimodal and then applying
O’Hara’s structure theorem for the partition lattice L(m,n). In fact, we prove a
stronger result: if m,n ≥ 8d, and 2d ≤ r ≤ mn/2, then the r-th rank of L(m,n) has
at least d more elements that the next lower rank.
1. Introduction
Recall that the lattice L(m,n) consists of integer partitions whose Young diagrams fit
inside an (m× n)-rectangle, ordered by inclusion:
L(m,n) = {(λ1, . . . , λm) | n ≥ λ1 ≥ . . . λm ≥ 0}.
The rank generating function for L(m,n) is the q-binomial coefficient:
(
m+ n
m
)
q
=
n∏
i=1
1− qm+i
1− qi
=
mn∑
r=0
pr(m,n)q
r.
It is easy see that complementary ranks have the same size: pr(m,n) = pmn−r(m,n).
Sylvester was the first to prove the unimodality property [7]:
p0(m,n) ≤ · · · ≤ p⌊mn/2⌋(m,n).
Several other proofs have been discovered over the years using many different tech-
niques, e.g. [5, 6, 9]. In particular, O’Hara gave a purely combinatorial proof by
decomposing the underlying ranked set of L(m,n) into a centered disjoint union of
products of chains [3]. We use a slightly modified version of O’Hara’s theorem to prove
the following:
1.1. Theorem. If m,n ≥ 8d and 2d ≤ r ≤ mn/2, then:
pr(m,n)− pr−1(m,n) ≥ d.
If d = 1, we recover the strict unimodality theorem of Pak-Panova [4]:
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1.2. Theorem. If m,n ≥ 8 and 2 ≤ r ≤ mn/2, then:
pr(m,n)− pr−1(m,n) > 0.
In what follows we will ignore the partial order on L(m,n) and simply work with the
underlying ranked set. The following is a restatement of O’Hara’s structure theorem
[2, 3]:
1.3. Theorem. There is a decomposition of L(m,n) into centered rank-symmetric
unimodal subsets Qm(d0, . . . , dk), where:
k = ⌊m/2⌋ and n = d0 + 2d1 + · · · + (k + 1)dk,
and there exist isomorphisms of ranked sets:
Qm(d0, . . . , dk) ≃ L(r, ℓm(d0, . . . , dk))×Qm−2r(dr, . . . , dk)
where:
r = 1 +min{j | dj > 0} and ℓm(d0, . . . , dk) =
k∑
j=0
(m− 2j)dj .
1.4. Remark. There are several equivalent ways to define the sets Qm(d0, . . . , dk). For
example, they are the level sets of certain tropical polynomials [1]:
fm,r(λ) = min
0≤t0≤···≤tm−2r≤r
m−2r∑
j=0
a2tj+j,
where λ0 = n, λm+1 = 0, and ai = λi − λi+1. We have the formula:
Qm(d0, . . . , dk) = {λ ∈ L(m,n) | fm,r(λ) =
k∑
j=r
(j + 1− r)dj for 1 ≤ r ≤ k}.
In particular, it follows that Qm(d0, . . . , dk) has a unique minimal element, and its rank
is equal to:
k∑
j=0
j(j + 1)dj .
1.5. Remark. Our proof involves choosing subsets Qm(d0, . . . , dk) ⊂ L(m,n) whose
strictly unimodal ranges provide a covering of the desired interval. F. Zanello has given
a similar combinatorial proof [8].
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2. Strict unimodality for chain products
Let P be a ranked poset P of length n. Let pi denote the size of the i-th rank of
P . We say that P is rank-symmetric if pi = pn−i for all 0 ≤ i ≤ n. We say that a
rank-symmetric poset P is strictly unimodal if:
p0 < · · · < p⌊n/2⌋.
In this section, we determine when a product of chains is strictly unimodal. We will
apply this result in the next section to prove the theorem.
Given a non-negative integer a, let [a] = {0 < · · · < a} denote a chain of length a.
2.1. Lemma. Let P = [a1]× · · · × [an], where a1 ≥ · · · ≥ an ≥ 0. Let C be a shortest
chain in a symmetric chain decomposition of P .
(1) P is strictly unimodal from rank 0 up to the lowest rank of C.
(2) The length of C is equal to:
ℓ(C) = max(a1 − (a2 + · · ·+ an), ǫ)
where ǫ = 0 (resp. ǫ = 1) if a1 + · · · + an is even (resp. odd).
(3) P is strictly unimodal if and only if:
a1 ≤ a2 + · · · + an + 1.
Proof. We will simultaneously prove these statements by induction on n. Consider the
base case n = 2. There is a well-known symmetric chain decomposition:
[a1]× [a2] ≃
a2⊔
i=0
[a1 + a2 − 2i]
where the lowest rank of the i-th chain is i. Since there is a new symmetric chain
starting at each rank from 0 to a2, we see that [a1]× [a2] is strictly unimodal from rank
0 up to a2, which is equal to the lowest rank of the shortest chain. The length of the
shortest chain is:
a1 + a2 − 2a2 = a1 − a2,
so [a1]× [a2] is strictly unimodal if and only if a1 − a2 ≤ 1.
For n ≥ 3, let R = [a2]× · · · × [an] so:
P = [a1]×R.
Let D be a shortest chain in a symmetric chain decomposition of R, and let r denote
the lowest rank of D. By induction, R is strictly unimodal from rank 0 up r and the
length of D is equal to:
ℓ(D) = max(a2 − (a3 + · · · + an), ǫ
′)
where ǫ′ = 0 (resp. ǫ′ = 1) if a2 + · · ·+ an is even (resp. odd). In any case, we have:
a1 ≥ a2 ≥ ℓ(D).
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Now, the length of the longest chain in R is a2 + · · · + an, and the lengths of all the
symmetric chains in R have the same parity.
If a1 ≤ a2 + · · ·+ an, then the smallest difference between a1 and the lengths of all the
symmetric chains in R is equal to 0 or 1, depending on the parity of a1 + · · · + an. In
other words, the length of a shortest chain C in any SCD of P will be 0 or 1. On the
other hand, if a1 > a2 + · · ·+ an, then:
ℓ(C) = a1 − (a2 + · · ·+ an)
by our formula from the base case. Therefore, we obtain:
ℓ(C) = max(a1 − (a2 + · · · + an), ǫ).
Note that P is strictly unimodal from rank 0 up to the lowest rank of C because P is
a disjoint union over products of the form [a1]×D
′, where D′ runs over the symmetric
chains in a fixed SCD of R. Finally, P is strictly unimodal if and only if ℓ(C) ≤ 1, and
the result follows. 
3. Proof of the theorem
3.1. Theorem. If m,n ≥ 8d and 2d ≤ r ≤ mn/2, then:
pr(m,n)− pr−1(m,n) ≥ d.
Proof. Step 1: Consider Qm(d0, d1, 0, . . . , 0) ⊂ L(m,n) where d0, d1 > 0. This ranked
set is isomorphic to a product of two chains:
[md0 + (m− 2)d1]× [(m− 2)d1].
The lowest rank element of this set has rank 2d1. Note that n = d0 + 2d1 so n > 2d1.
We know that a product of two chains of the form [a+ b]× [b] is strictly unimodal from
rank 0 to rank b, so Qm(d0, d1, 0, . . . , 0) is strictly unimodal from rank 2d1 up to rank:
2d1 + (m− 2)d1 = md1.
Therefore, we see that:
pr(m,n)− pr−1(m,n) ≥ d
for all 2d ≤ r ≤ mn/2− dm and n > 2d.
Step 2: Consider Qm(d0, d1, d2, 0, . . . , 0) ⊂ L(m,n) where d0, d1, d2 > 0. This ranked
set is isomorphic to a product of three chains:
[md0 + (m− 2)d1 + (m− 4)d2]× [(m− 2)d1 + (m− 4)d2]× [(m− 4)d2].
The lowest rank element of this set has rank 2d1 + 6d2. We know that the product
of three chains of the form [a + b + c] × [b+ c] × [c] is strictly unimodal if and only if
a ≤ c+ 1, so Qm(d0, d1, d2, 0, . . . , 0) is strictly unimodal if and only if:
md0 ≤ (m− 4)d2 + 1.
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Let N3(m,n) denote the number of strictly unimodal subsets in L(m,n) of the above
type:
N3(m,n) = {(d0, d1, d2) ∈ Z
3
>0 | d0 + 2d1 + 3d2 = n, md0 ≤ (m− 4)d2 + 1}.
Now let us calculate the largest possible value of d2, depending on n (mod 3):
n = 0 (mod 3) =⇒ (d0, d1, d2) = (1, 1, (n − 3)/3).
n = 1 (mod 3) =⇒ (d0, d1, d2) = (2, 1, (n − 4)/3).
n = 2 (mod 3) =⇒ (d0, d1, d2) = (1, 2, (n − 5)/3).
Therefore, the largest possible value of 2d1 + 6d2 is equal to 2n − 4 if n = 0 (mod 3)
and 2n− 6 otherwise.
It follows that:
pr(m,n)− pr−1(m,n) ≥ N3(m,n)
for all 2n− 4 ≤ r ≤ mn/2.
Step 3: We see that we are reduced to satisfying the following inequalities:
mn/2− dm ≥ 2n− 4 and N3(m,n) ≥ d.
The first inequality is equivalent to:
m ≥
4n − 8
n− 2d
.
If d ≥ 1 and m,n ≥ 8d, then the above inequality does hold:
m(n−2d) ≥ 8d(n−2d) = d(8n−16d) ≥ 8n−16d ≥ 4n+32d−16d = 4n+16d ≥ 4n−8.
Let us now estimate a lower bound for N3(m,n). For a fixed value of d0, we find that:
3d2 = n− d0 − 2d1 ≤ n− 2− d0.
Given a possible solution (d1, d2), note that the next solution is (d1 + 3, d2 − 2), so all
the possible values of d2 must have the same parity mod 2. Therefore:
md0 − 1
m− 4
≤ d2 ≤
n− 2− d0
3
where all the values of d2 must have the same parity mod 2. So the number of solutions
is at least:
1
2
(
n− 2− d0
3
−
md0 − 1
m− 4
)
.
Summing over the allowed values of d0, we obtain:
N3(m,n) ≥
1
2
∑
d0
(
n− 2− d0
3
−
md0 − 1
m− 4
)
.
Note that, if m ≥ 8, then:
md0 − 1 < 2d0(m− 4) = 2md0 − 8d0
because:
md0 ≥ 8d0 > 8d0 − 1.
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Therefore:
1
2
(
n− 2− d0
3
−
md0 − 1
m− 4
)
>
1
2
(
n− 2− d0
3
− 2d0
)
=
n− 2− 7d0
6
.
If d ≥ 3, then m,n ≥ 24 and by considering the first three terms we obtain:
N3(m,n) ≥
n− 9
6
+
n− 16
6
+
n− 23
6
=
n− 16
2
≥ 4d− 8 ≥ d
for all d ≥ 3. It remains to prove the theorem for 1 ≤ d ≤ 2.
Step 4: Consider Qm(d0, d1, d2, d3, 0, . . . , 0) ⊂ L(m,n) where d0, d1, d2, d3 > 0. This
ranked set is isomorphic to a product of four chains:
[ℓ0]× [ℓ1]× [ℓ2]× [ℓ3],
where ℓ3 = (m− 6)d3, ℓ2 = ℓ3 + (m− 4)d2, ℓ1 = ℓ2 + (m− 2)d1, and ℓ0 = ℓ1 +md0. It
is strictly unimodal if and only if:
ℓ0 − ℓ1 ≤ ℓ2 + ℓ3 + 1,
which translates to the condition that:
md0 ≤ (m− 4)d2 + 2(m− 6)d3.
If d2, d3 ≥ d0 we get:
(m− 4)d2 + 2(m− 6)d3 ≥ d0(3m− 16) ≥ md0
for all m ≥ 8. In other words, Qm(1, d1, d2, d3, 0, . . . , 0) ⊂ L(m,n) is strictly unimodal
if there exist x, y, z ≥ 0 such that 2x + 3y + 4z = n − 10. The standard generating
function argument shows that the existence of at least one solution for all n ≥ 12 and
at least two solutions for all n ≥ 16. So the d = 2 case is finished, and for d = 1 we
can check the remaining cases 8 ≤ m,n ≤ 11 by inspection.
Finally, we check that the lowest rank of Qm(1, d1, d2, d3, 0, . . . , 0) is at mostmn/2−dm
for d = 1, 2 and m,n ≥ 8d. The largest possible value of d3, depending on n (mod 4),
is given by:
n = 0 (mod 4) =⇒ (d0, d1, d2, d3) = (1, 2, 1, (n − 8)/4).
n = 1 (mod 4) =⇒ (d0, d1, d2, d3) = (1, 1, 2, (n − 9)/4).
n = 2 (mod 4) =⇒ (d0, d1, d2, d3) = (1, 1, 1, (n − 6)/4).
n = 3 (mod 4) =⇒ (d0, d1, d2, d3) = (1, 2, 2, (n − 11)/4).
Therefore, the largest possible value for the lowest rank 2d1 + 6d2 + 12d3 is 3n − 10.
Now:
mn/2− dm ≥ 4n− 8d ≥ 3n+ n− 8d ≥ 3n ≥ 3n− 10,
so mn/2− dm ≥ 3n− 10 for m,n ≥ 8d as desired. 
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3.2. Remark. The lower bounds on m,n, and r given above are certainly not the best
possible. One could improve the bounds on m and n by calculating the number of
strictly unimodal products of five or more chains. One could also improve the bound
on r by finding the overlaps among the strictly unimodal ranges for all products of
three or more chains. The lower bound on r given in [8] is quadratic in d, while our
lower bound is linear in d. The best possible lower bound for r is logarithmic in d, since
it involves the inverse of the number of partitions of r.
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